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Abstract : The method of sieve formula based on the principle of inclusion and exclusion of non valid
configurations is developed for the enumeration of stable stereoisomers of polyalcohols. An application is shown in
the series of deoxyalditols CyHy 4+ 3(0H)y -1 where 3sn<I0.

INTRODUCTION

Deoxyalditols are acyclic polyalcohols presenting both constitutional isomerism due to the possible
displacement of the position of the unsubstituted carbon atom along the linear carbon chain and the existence
of optical stereoisomerism relevant to the alternant positions of the various hydroxy groups located on
asymmetric carbon atoms. It must be recalled that despite the wide occurrence of deoxyaldoses in nature(e.g.
deoxyribose), only one deoxyalditol has been found, namely 1 deoxy-D-glycero-D-talo-heptitol (siphulitol) as
a constituent of the lichen Siphula ceratites . Terminal deoxyalditols are conveniently synthesized via 1-
alkylthio-1-deoxy derivatives by desulfuration with raney nickel of the corresponding aldose diakyl
dithioacetals?. Alternatively they can be prepared by reduction of alditol substituted at a primary position by
an alkane or arene-sulfonoxy group using lithium aluminium hydride3, or of a deoxyaldose in which the
deoxy group is at terminal position or of toluene-B-sulphonylhydrazones of aldoses with sodium
borohydride4.

Deoxyalditols with the deoxy group at a secondary carbon atom are in general prepared by reduction
of the corresponding deoxyaldose3. The enumeration of deoxyalditols is not convenient by the classical
methods and the unwieldiness of this problem is in part due to the fact that polyalcohols that have more than
one hydroxy group on a carbon atom are unstable and represent non valid structures. The purpose of this
paper is to apply Balasubramanian' s method® for counting stable stereo and position isomers of deoxyalditols
with the formula CHp+3(OH)j,.1. The results are presented for 3 <n < 10.

MATHEMATICAL APPROACH
Let us represent the tridimensional skeleton of an acyclic polyalcohol by a stereograph shown in figure
1 where the labeled vertices of degree 4 are carbon atoms while those of degree 1 are unspecified and
considered as boxes into which (n+3) hydrogen atoms and (n-1) OH groups are to be put. The problem is to
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find the number of ways we can map the unspecified vertices into the set consisting of (n+3)H and (n-1)OH.
Thus we have an enumeration problem of Polya-type”. 8. Qur task is to discover the appropriate permutation
group and its cycle index. In so doing we can partition the molecular graph shown in fig. 1 into 4 subgraphs :
Q. To, T1 and T2 represented in fig. 2.

T, T1\ T,

Figure 2 : Subgraphs Q, Ty, T1 and T obtained from the partition of the molecular
stereograph shown in Figure 1.

The molecular graph shown in figure 1 consists of n-2 subgraphs Ty , two subgraphs T and the
subgraph Q. We claim that the molecular graph shown in figure 1 can be constructed by attaching the roots of
(n-2) subgraphs of type T, and (n-2) internal vertices of Q and then attaching 2 subgraphs of type T} and the
two external vertices of Q. Let Q be the subgraph consisting of n labeled vertices of degree 4 (C atoms) joined
by (n-1) edges (C-C bonds) to form a linear chain. The vertices in Q are permutable by the group of
permutation 87 whose cycle index is :
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Z(s,) = %(s{’ +s3/2)  (ifn even) M
or
1 -1
Z(Sz) = 5 SP + 81822 (if n odd) 2

Let To,T1 and T2 be the subgraphs consisting respectively of 1, 3 and 2 unspecified vertices attached to
a central root (C atom), The 3 equivalent vertices of Ty are permutable by the symmetric group S3 whose
cycle index is :

Z(Sy) = %(513 +253) ©)

If we place H and OH into the two boxes of T, we see that no permutation of the hydrogen atom and the
hydroxyl group is possible. Hence the permutation group acting on T is the identity group Ep of order 2
whose cycle index is :

Z(Ey) = st )

The permutation group acting on Ty is the identity group E whose cycle index is Z(E) = s;.The problem of

enumerating stable stereoisomers of deoxypolyalcohols with the formula CyHp+3(OH)y.1 is solvable if we can
determine the permutation group acting on the whole molecular skeleton. Let us firstly suppose that the
number n of carbon atoms is even. This time we can reverse the diagram in fig. 1 end for end and have an
equivalent scheme for the molecule. The group of permutations for H; atoms and OH; groups located in the
left hand half of the molecule at the sites i = 1, 2, 3, ...n /2 comprising one type T at one extremity and
(n/2-1) types T2 is given by the direct product 9 :

Dp=8S3xEz2x...Eann=93. Ez(n2-1)= S3.Ep2 (5)

the same equation is true for the right hand half of the molecule. Let g0 be the group of permutations for the
whole molecular graph. Since the two sides of the molecule can be permuted by S2, one may obtain gg by
applying the theorem of the generalized composition of the group S2 with the direct product Dp. Hence :

20 = $2[S3 ®E; 5] (6)

Such a generalized composition of groups is also called the generalized wreath product of groups!®. 11, When

n is odd each half of the molecule consists of one type T],E—'zﬁ types T2 and one type Tp, then the above
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remarks apply to all unlabeled vertices except the two attached to the middle carbon atom of the chain. These
latter ones can be permuted among themselves by the identity group E independently of what happens to the
others. Hence, the group g for the whole molecular stereograph is the generalized wreath product :

g0 =S2{S3 ®E2(n—3)®E =52[S3 ®E, 5] @
2

From equation (6) and (7) we see that the group go is irrespective of the parity of n. The cycle index of the
group go is therefore :

Z(go,s{) = %[sf(“ﬂ) +4s20"DZ 44l 1368y 632“236] (if n odd or even) )]

Let us associate the weights x and y to the hydrogen atom H and the OH group, respectively. Thus the figure
i ) . L j
counting series in this case is (x+y) and for any sf( the figure counting series is (xk + yk) . The

transformation :
i j
Z(go,si’{) — Z(go,(xk +yk) ) = fo(x,y) )

gives the polynomial function fo(x,y) in which the coefficient of the term xM+3yn-1, noted 1(0), corresponds to
the number of stereoisomers without restriction of the polyalcohol CyHp43(OH)p. 1.

Let Pn={Py, P2, P3,...,Pj . Pm} be the set of properties where Pj is the property that there are two
hydroxy groups on the ith carbon atom and where m <n. The number of non equivalent ways of choosing
exactly r properties from the set P, is given by w;the coefficient of a in the expression

VA (Sz,sf; - (1+ak)1) derived from Polya’s theorem. For each molecular system CpHp+3(OH),.| the

restrictions on wy are as follows :

. . . -1 . .
wo:11fr=0andnoddoreven;w,at01fnlsoddandlSrSn2 or if n is even and

1<r < — 1;wr =0 otherwise.

s

Given n, r, Ppand w; one must firstly generate the r-tuples of properties P;j and draw up the
molecular stereograph of each of the wy r-tuples(or invalid polyalcohols) and secondly determine its
appropriate permutation group gr according to the numbers and the position of the subgraphs T, T) and T,
along the carbon chain. If n is odd and the molecular stereograph permutable end for end by S; two cases
have to be considered generally :

- the type T is located in the 15t and the n'h carbon atoms while those of type Ty are located in the
internal carbon atoms except the central carbon atom which is linked to two types T (see fig. 3a).
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T, T, T, fo
T 5/ ~--
To Tg
\p \y
S, S2
Eigure 3a Figure 3b

Figure 3 : Distributions of the subgraphs Tg, T; and T3 along the carbon chain ,when n is odd.

The permutation group of such a system is obtained from the generalized wreath product given in equation 7.
- The types Ty are located in the 13t, nth and the central carbon atoms, while those of type T2 are placed
in the internal carbon atoms (see fig. 3b). The permutation group in this case is given by the relation :
g, = SZ[E23+2] (10)
If n is even and the molecular stereograph permutable end for end by S2,two cases have to be considered :
- two types Ty are located in the 13¢ and n!h carbon atoms while the types T2 are placed in the internal
carbon atoms (fig. 4a). Therefore, the permutation group is :
gz = 52[53 N Ezﬁ] (11)

- two types T are located on the 15t and nh carbon atoms while the types T are placed in the internal
carbon atoms (see fig. 4b). The permutation group is obtained from equation ( 12 ) in this case.

93 = 5[ Eap | (12
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Figure 4b

Figure 4 : Distributions of the subgraphs To, T; and Ty along the carbon chain, when n is even.

In equations (10), (11) and (12) the parameter B is the number of subgraphs of type T2 contained in one half of
the molecular stercograph. When the molecular stereograph has no symmetry the permutation group is

obtained from the relation :

Eyp - Ey (13)

where the parameters «, B and y are respectively the numbers of subgraphs of types Ty, Ta and Tg present in
the system. The cycle indices derived from the permutations groups g, g,, g, and g, are given in equations
(14), (15), (16) and (17) respectively :

2610 = 2(52[ Bz )

(14)
_ z{szl:(sf )‘*“D = s ]
wto = efssfss - ) = of s[5 (61 e 20)(o)]
(15)
= fg[s[ilﬂs + 453353 + 4sgﬂ+353 + 352‘SH + ngﬂss
29 =2{s ey = 2{5:[+]
(16)

1 N B
- ~H;&._ +s;""}
2 -
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Z(g4) = 7(s%). Z{Eqp) . Z(Ey)
= (&) v2s) (i)

One may notice that the terms si in equation (8) and (14) -(17) correspond to j permutations cycles of

amn

length k. Let us associate to the hydrogen atom H and the functional group (OH) the weights x and y
respectively. By replacing in equations (14), (15), (16) and (17) the terms s} by the figure counting series

(xk + vk )] and expanding the resulting algebraic expression one may obtain the polynomial function :

£.(%,y) =z‘,z‘c(u,v)xuyV (18)
u v

in which if u = n+3 and v = n-1-2r, the coefficient C(n+3, n-1-2r) of the term xM+3yn-1-2r is the number of
stereoisomers of the polyalcohol statisfying exactly r properties of the set Py . Let I(r) be the total number of
stereoisomers of all polyalcohols obtained according the wy ways of satisfying r properties of the set Py .

wl'
I(r) = ZC(n +3,n-1-2r) ifneven (19)
1
and
wl'
I(r) = EC(n +3,n-1-2r)~ Zeq if n odd (20)
1 q

where the parameter e is the number of stereoisomers issued from the choices q having pairs of properties
(Pj, Pj) located at equivalent sites i and j. The carbon atoms i and j will be equivalent if they are transformable
into each other under the action of the group Sa.

Finally the number I, of stable stereoisomers of the system C;Hp3(OH),-; that have no two hydroxy
groups on the same carbon atom (i.e stereoisomers that satisfy none of the properties of the set Py ), is
obtained from the sieve formula based on the principle of inclusion and exclusion of I(r) which is the number
of stereoisomers that have not been included and excluded up to r-1 terms in equations (21) or (22).

{(n-2)/2
I, =100)+ Z(~1)r1(r) ifn even 2n
r=1
or
(n-1)/2
I =10)+ Y (-1)I(r) ifn odd 22)

r=1
APPLICATIONS

The results of the different steps of the enumeration procedure presented in this paper are given in
Table I for deoxyheptitol (n=7).The procedure has been extended to all deoxyalditols ChHp+3(OH)y.1 where
3<n<10 and for illustration the calculated numbers I, of stable stereo and position isomers of these chemical
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Table I : Results of the enumeration procedure applied to the series of deoxyheptitols (C7H1o(OH)).

r wy r - tuples gr x0H3yn-1-21 (43 0-1-2r) eq I(r)
0 1 - S, [S3.Es] x10y6 1003 - 1003
Py S3 . Epp 561
P, 2. Eg 301
1 4 Py $2. x10y4 301 1319
Py S2(83.Es] 156

PPy S$3-Eg 46
PyP3 S3.Eg 46
P Py S3.Eg 46
P Ps S3.Eg 46
P; Pg S3.Eg 46
2 12 Py Py* S2(Eg] x10y2 36 6 406
Py Pg* S2(83 . E3] 17 4
P3 Ps* S2[83 . E3] 17 4
P, Ps s2 . Eg 30
Py Py $3 . Es 30
P, Ps 2 Eg 30
P3Py $2 . Eg 30
P, PyPs S3.E7 1
Py PPy S3.E7 1
P, PoPs S3.E7 1
P} PP S3.E7 1
Py PoPy Ejo 1
P P3Py S3.E7 1
Py P3Ps S3.E7 1
Py P3Pg S3.E7 1
Py P3Py Elo 1
3 19 Py P4Ps S3.E7 x10 1 16
P1 P4Pg S3.E7 1
P, P4Py* S, [Es] 1 1
Py P3Py SN 1
PoP3Ps $3 . Eq 1
Py P3Pg S} .E4 1
P, P3Py $3.E7 1
P2 PyPs s3.Eq 1
PyPgPe* | S2[S3.Eg} 1 1
P3PgPs* | S3[S3.E] 1 1

* r-tuples containing a pair of properties (P;,P;) located in equivalent carbon atoms i and j.
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compounds are indicated in Table IL. One may notice that the summation of all I(r) values (columns 2-6) leads
to the numbers I, of the last column, For the sake of comparison the number Is =15 obtained for
deoxypentitols in this study is the same result presented earlier by Balasubramanian®. It should be mentioned
that all I, /2 constitutional isomers for even n are chiral, whereas for odd n some of the constitutional

isomers with median CH2 are meso forms.

Table II : Numbers I, of stable stereo and position isomers of deoxyalditols CoHy+3(OH)y. where 3<n<10.

n 1(0) -I(1) 1(2) -13) 1(4) Ip
3 5 -2 3
4 16 -10 6
5 67 -56 4 15
6 251 -274 55 32
7 1003 -1319 406 -16 74
8 3900 -6098 2624 -266 160
9 15402 -27685 15108 -2529 60 356
10 60418 -123336 82124 -19656 1218 768
CONCLUSION

The focus of this paper has been to develop a general method for counting stable stereo and position isomers

of acyclic deoxyalditols CyHp43(OH)g.1. This procedure can be extended to multideoxyalditols.
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